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Abstract: Quadrupole and octupole deformation energy surfaces, low-energy excitation spectra, and electric tran-
sition rates in eight neutron-rich isotopic chains – Ra, Th, U, Pu, Cm, Cf, Fm, and No – are systematically analyzed
using a quadrupole-octupole collective Hamiltonian model, with parameters determined by constrained reflection-
asymmetric and axially-symmetric relativistic mean-field calculations based on the PC-PK1 energy density functional.
The theoretical results of low-lying negative-parity bands, odd-even staggering, average octupole deformations 〈β3〉,
and B(E3;3−1 → 0+1 ) show evidence of a shape transition from nearly spherical to stable octupole-deformed, and
finally octupole-soft equilibrium shapes in the neutron-rich actinides. A microscopic mechanism for the onset of
stable octupole deformation is also discussed in terms of the evolution of single-nucleon orbitals with deformation.
Key words: ocutpole deformation, negative-parity band, relativistic energy density functional, quadrupole-octupole
collective Hamiltonian
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1 Introduction
The study of octupole-deformed (reflection asymmet-
ric) shapes and shape transitions presents a recurrent
theme in nuclear structure physics. Octupole-deformed
shapes are characterized by the presence of low-lying
negative-parity bands, and by pronounced electric oc-
tupole transitions [1–4]. In the case of static octupole de-
formation, for instance, the lowest positive-parity even-
spin states and the negative-parity odd-spin states form
an alternating-parity band, with states connected by the
enhanced E1 transitions. Recently, evidence for pro-
nounced octupole deformation in 224Ra [5], 144Ba [6], and
146Ba [7] has been reported in Coulomb excitation exper-
iments with radioactive ion beams. The renewed interest
in studies of reflection asymmetric nuclear shapes using
accelerated radioactive beams point to the importance of
a timely systematic theoretical analysis of quadrupole-
octupole collective states of nuclei in different mass re-
gions.
A series of theoretical models have been applied to
the studies of octupole-deformed shapes and the evo-
lution of the corresponding negative-parity collective
states, including the energy density functionals or their
simplest realization: self-consistent mean-field models
[8–35], macroscopic+microscopic (MM) models [36–38],
algebraic (or interacting boson) models [39, 40], phe-
nomenological collective models [41–45], and the reflec-
tion asymmetric shell model [46].
In particular, nuclear energy density functionals
(EDFs) enable a complete and accurate description of
ground-state properties and collective excitations over
the entire chart of nuclides [47–52]. Both non-relativistic
and relativistic EDFs have successfully been applied to
the description of the evolution of single-nucleon shell
structures and related nuclear shapes and shape tran-
sitions. To compute excitation spectra and transition
rates, however, the EDF framework has to be extended
to take into account the restoration of symmetries bro-
ken in the mean-field approximation, and fluctuations in
the collective coordinates. A straightforward approach
is the generator coordinate method (GCM) combined
with projection techniques, and recently it has been im-
plemented for octupole-deformed shapes, based on both
nonrelativistic [19] and relativistic [32, 34] EDFs. Using
this method, however, it is rather difficult to perform a
systematic study of low-lying quadrupole and octupole
states in different mass regions, because GCM is very
time-consuming for heavy systems. An alternative ap-
proach is the EDF-based quadrupole-octupole collective
Hamiltonian (QOCH) [31, 33, 35]. The collective Hamil-
tonian can be derived from the GCM in the Gaussian
overlap approximation [53], and the validity of this ap-
proximate method was recently demonstrated in a com-
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parison with a full GCM calculation for the shape coex-
isting nucleus 76Kr [54].
Recently, we have applied the EDF-based QOCH to
a systematic analysis of spectroscopy of quadrupole and
octupole states in fourteen isotopic chains: Xe, Ba, Ce,
Nd, Sm, Gd, Rn, Ra, Th, U, Pu, Cm, Cf, and Fm. The
microscopic QOCH model, based on the PC-PK1 energy
density functional [55], is shown to accurately describe
the empirical trend of low-energy quadrupole and oc-
tupole collective states, and the predicted spectroscopic
properties are also consistent with recent microscopic cal-
culations based on both relativistic and non-relativistic
energy density functionals. The resulting low-energy
negative-parity bands, average octupole deformations,
and transition rates show evidence for octupole collectiv-
ity in mass regions centered at both Z ∼ 58,N ∼ 90 and
Z ∼ 90,N ∼ 136. The success of the EDF-based QOCH
model in these mass regions enables us to search for the
next possible octupole-deformed mass region by analyz-
ing both deformation energy surfaces and low-lying spec-
troscopy.
Very recently, a systematic search for axial octupole
deformation in the actinides and superheavy nuclei with
proton numbers Z = 88−126 and neutron numbers from
the two-proton drip line up to N = 210 was performed us-
ing the mean-field framework of relativistic density func-
tional theory, and octupole-deformed minima were pre-
dicted in the nuclei around Z ∼ 96,N ∼ 196. Therefore,
in this study we employ the EDF-based QOCH to per-
form a systematic calculation of even-even neutron-rich
heavy nuclei (88 ≤ Z ≤ 102 and 190 ≤ N ≤ 212). Low-
energy spectra and transition rates for both positive-
and negative-parity states of 96 nuclei are calculated
using the QOCH with parameters determined by self-
consistent reflection-asymmetric relativistic mean-field
calculations based on the PC-PK1 energy density func-
tional [55]. The relativistic functional PC-PK1 was ad-
justed to the experimental masses of a set of 60 spherical
nuclei along isotopic or isotonic chains, and to the charge
radii of 17 spherical nuclei. PC-PK1 has been success-
fully employed in studies of nuclear masses [56, 57], and
spectroscopy of low-lying quadrupole states [58].
The article is organized as follows. Section 2 presents
a brief review of the EDF-based QOCH model. The sys-
tematics of collective deformation energy surfaces, exci-
tation energies of low-lying positive- and negative-parity
states, odd-even staggering, electric dipole, quadrupole,
and octupole transition rates, calculated with the QOCH
model, are discussed in Section 3. Section 4 contains a
summary and concluding remarks.
2 Theoretical Framework
Detailed formalism of the quadrupole-octupole collec-
tive Hamiltonian has been presented in Refs. [33, 35]. In
this section, for completeness, a brief introduction is pre-
sented. The QOCH, which can simultaneously treat the
axially quadrupole-octupole vibrational and rotational
excitations, is expressed in terms of two deformation pa-
rameters β2 and β3, and three Euler angles (φ,θ,ψ)≡Ω
that define the orientation of the intrinsic principal axes
in the laboratory frame,
Hˆcoll =− ~
2
2
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∂
∂β2
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(1)
Jˆ denotes the component of angular momentum perpen-
dicular to the symmetric axis in the body-fixed frame of
a nucleus. The mass parameters B22, B23, and B33, the
moments of inertia I, and collective potential Vcoll de-
pend on the quadrupole and octupole deformation vari-
ables β2 and β3. The additional quantities that appear
in the vibrational kinetic energy, w =
√
B22B33−B223,
determine the volume element in the collective space∫
dτcoll =
∫ √
wIdβ2dβ3dΩ. (2)
The eigenvalue problem of the collective Hamilto-
nian (1) is solved using an expansion of eigenfunctions in
terms of a complete set of basis functions that depend on
the collective coordinates β2, β3, and Ω. The collective
wave functions are thus obtained as
ΨIMpiα (β2,β3,Ω) =ψ
Ipi
α (β2,β3) |IM0〉 . (3)
The reduced Eλ values are calculated from the relation
B (Eλ,Ii→ If ) = 〈Ii0λ0|If0〉2
∣∣∣∣∫ dβ2dβ3√wIψiMEλ (β2,β3)ψ∗f ∣∣∣∣2,
(4)
where MEλ(β2,β3) denotes the electric moment of or-
der λ. In microscopic models it is calculated as
〈Φ(β2,β3)|Mˆ(Eλ)|Φ(β2,β3)〉, where Φ(β2,β3) is the nu-
clear wave function.
In the framework of the EDF-based QOCH model,
the collective parameters of QOCH in Eq. (1) are all de-
termined from the EDF microscopically. The moments
of inertia are calculated according to the Inglis-Belyaev
formula [59, 60]:
I =
∑
i,j
(uivj−viuj)2
Ei+Ej
|〈i|Jˆ |j〉|2, (5)
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where Jˆ is the angular momentum along the axis per-
pendicular to the symmetric axis, and the summation
runs over the proton and neutron quasiparticle states.
The quasiparticle energies Ei, occupation probabilities
vi, and single-nucleon wave functions ψi are determined
by solutions of the constrained EDF. The mass parame-
ters are calculated in the perturbative cranking approx-
imation [35, 61]
Bλλ′(q2, q3) =
~2
2
[M−1(1)M(3)M−1(1)]λλ′ , (6)
with
M(n),λλ′(q2, q3) =
∑
i,j
〈i|Qˆλ |j〉〈j|Qˆλ′ |i〉
(Ei+Ej)n
(uivj +viuj)
2
,
(7)
where Qˆ2 and Qˆ3 are the mass quadrupole and octupole
operators, respectively, and qλ = 〈Qˆλ〉.
The collective potential Vcoll in Eq. (1) is obtained
by subtracting the vibrational and rotational zero-point
energy (ZPE) corrections from the total mean-field en-
ergy:
Vcoll(β2,β3) =EMF(β2,β3)−∆Vvib(β2,β3)−∆Vrot(β2,β3).
(8)
The vibrational and rotational ZPE corrections are cal-
culated in the cranking approximation [61]:
∆Vvib(β2,β3) =
1
4
Tr
[M−1(3)M(2)] , (9)
and
∆Vrot(β2,β3) =
〈Jˆ2〉
2I , (10)
respectively.
3 Results and discussion
The principal objective of this study is a systematic
analysis that includes collective deformation energy sur-
faces (DESs), excitation energies and average quadrupole
and octupole deformations of low-lying states, electric
dipole, quadrupole, and octupole transitions for even-
even neutron-rich heavy nuclei (88 ≤ Z ≤ 102 and
190 ≤ N ≤ 212) using the EDF-based QOCH model.
To determine the collective input for the QOCH, we
perform a constrained reflection-asymmetric relativistic
mean-field plus BCS (RMF+BCS) calculation, with the
effective interaction in the particle-hole channel defined
by the relativistic density functional PC-PK1 [55], and a
density independent δ-force [62] in the particle-particle
channel. The strength parameter of the δ-force, 333.9
MeV fm3 (397.0 MeV fm3) for neutrons (protons), is de-
termined to reproduce the corresponding pairing gap of
the spherical configuration of 300Fm, calculated using the
relativistic Hartree-Bogoliubov (RHB) model with the
finite-size separable pairing force [64]. This can be done
because the essential effects of the off-diagonal parts of
the pairing field neglected in the RMF+BCS calculations
can be recovered by simply renormalizing the pairing
strength, and consequently the low-energy structure is in
good agreement with the predictions of the RHB model
[63]. Moreover, the RHB model with finite-size separa-
ble pairing force was successfully used in the description
of octupole deformations [26] and low-energy excitation
spectra [24, 33]. The solution of the single-nucleon Dirac
equation in RMF+BCS is obtained by expanding the
nucleon wave functions in an axially deformed harmonic
oscillator basis with 20 major shells.
Figures 1, 2, 3, and 4 display the DESs of the even-
even Ra, Th, U, Pu, Cm, Cf, Fm, and No isotopes in the
β2-β3 plane, calculated with the RMF+BCS using the
functional PC-PK1 and δ-force pairing. The quadrupole
and octupole deformations that correspond to the global
minima, as well as the octupole deformation energies
∆Eoct, defined as the energy differences between the
non-octupole deformed minima (β3 = 0) and the global
minima, are also plotted in Fig. 5. The equilibrium
quadrupole deformations for all the isotopic chains in-
crease gradually, from nearly spherical to well-deformed
shapes, as the neutron number increases from 190 to 212.
All the isotopic chains except Ra exhibit a very interest-
ing shape evolution: from nearly spherical to octupole-
deformed, and finally octupole-soft equilibrium shapes.
Stable equilibrium octupole deformations are calculated
in 286−292Th, 286−294U, 286−294Pu, 288−296Cm, 290−298Cf,
292−302Fm, and 294−302No. There are peaks at N ∼ 196
for the octupole deformation energies ∆Eoct and the
maximum value is ∼ 1.8 MeV, observed in 290Pu and
292Cm. For the Ra isotopic chain, weak octupole defor-
mation is predicted in 284−294Ra but the energy surfaces
are very shallow with respect to the octupole degree of
freedom. Similar shape transitions in the actinides have
also been obtained in studies based on different relativis-
tic energy density functionals [27]. Some differences be-
tween these calculations are found in the exact location
of non-zero equilibrium octupole deformation and the
corresponding octupole deformation energies. This can
be attributed to the details of the single-particle spec-
tra, especially levels with ∆j= 3 and ∆l= 3, and also to
different treatment of pairing correlations [27].
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Fig. 1. Axially-symmetric quadrupole-octupole deformation energy surfaces of Ra and Th isotopes in the β2-β3
plane calculated by self-consistent RMF+BCS. For each nucleus, energy values are normalized with respect to the
energy minimum of the ground states. The contours join points on the surface with the same energy, and the
separation between neighboring contours is 0.5 MeV.
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Fig. 2. Same as Fig. 1 but for U and Pu isotopes.
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Fig. 3. Same as Fig. 1 but for Cm and Cf isotopes.
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Fig. 4. Same as Fig. 1 but for Fm and No isotopes.
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Fig. 5. Calculated values of the equilibrium
quadrupole β2 and octupole β3 deformations as
well as the octupole deformation energy ∆Eoct as
functions of the neutron number for the eight iso-
topic chains analyzed in the present study.
Fig. 6. Mean values of the quadrupole 〈β2〉 and
octupole 〈β3〉 deformations, computed for the
QOCH ground states 0+1 , as functions of the neu-
tron number.
Figure 6 displays the expectation values of the
quadrupole 〈β2〉 and octupole 〈β3〉 deformations in the
QOCH ground states 0+1 as functions of the neutron num-
ber. Initially the ground-state quadrupole deformation
〈β2〉 increases rapidly up to N ∼ 194 and then more grad-
ually with neutron number. The corresponding ground-
state octupole deformation 〈β3〉 increases at first, and
then decreases, with peaks at N ∼ 198. In our calculation
〈β3〉& 0.10 is predicted for octupole-deformed nuclei.
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Fig. 7. The energy spectra of the low-lying even-spin positive-parity states up to Jpi = 10+ and odd-spin negative-
parity states up to Jpi = 9−, as functions of the neutron number, for the eight isotopic chains analyzed in the
present study.
Figure 7 displays the energy spectra of the lowest-
lying even-spin positive-parity states up to Jpi = 10+ and
odd-spin negative-parity states up to Jpi = 9− for the
eight isotopic chains. For the positive-parity bands, the
excitation energies drop rapidly until N ∼ 196, and then
vary slowly when adding more neutrons. The excitation
energies of the negative-parity bands exhibit a parabolic
behavior with minima at N ∼ 198. Specifically, the min-
ima gradually evolve from N = 200 for Ra and Th iso-
topes to N = 198 for U, Pu, Cm, Cf, and Fm isotopes,
and finally N = 196 for No isotopes. The lowest 1−1 state
is observed at 296Cf and the excitation energy is 0.086
MeV. The evolutions of the positive- and negative-parity
bands with neutron number are correlated with those of
the average quadrupole 〈β2〉 and octupole 〈β3〉 deforma-
tions in Fig. 6, respectively. The quadrupole deforma-
tion reflects the collectivity of a nucleus and, generally
larger 〈β2〉 leads to a more condensed ground state band.
On the other hand, the larger octupole deformation cor-
responds to stronger octupole correlation, which drives
the negative-parity band closer to the ground state.
Another indication of the shape transition, from
nearly spherical to octupole-deformed to octupole-soft,
is the odd-even staggering shown in Fig. 8. For both
positive and negative parity, we plot the calculated ra-
tios E(J)/E(2+1 ) for the yrast states of the eight isotopic
chains as functions of the angular momentum J . The
ratios of the N = 190 isotones are almost linear as a
function of J , indicating that they are nearly spherical
nuclei. For the N ≥ 202 isotones, the odd-even stag-
gering becomes more pronounced, and this means that
negative-parity states form a separate rotational-like col-
lective band built on the octupole vibrational state. In
between, for the isotopes 286−290Th, 288−292U, 288−294Pu,
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288−296Cm, 290−298Cf, 292−300Fm, and 294−302No, the ra-
tios are parabolic as a function of J and the odd-
even staggering is negligible, indicating that positive-
and negative-parity states form a single rotational band.
Therefore, these isotopes are stable octupole-deformed.
For Ra isotopes, pronounced odd-even staggering is ob-
served in nuclei with N ≥ 192.
Fig. 8. The calculated energy ratios E(Jpi)/E(2+1 ) for states of the positive-parity ground-state band (J even)
and the lowest negative-parity band (J odd) as functions of the angular momentum J for the eight isotopic chains
analyzed in the present study.
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Fig. 9. The calculated B(E1;1−1 → 0+1 ),
B(E2;2+1 → 0+1 ), and B(E3;3−1 → 0+1 ) (in units
of W.u.) as functions of the neutron number for
the eight isotopic chains analyzed in the present
study.
Low energy B(E3) values are good measures of oc-
tupole collectivity. For low-lying states in nuclei, the
ground-state B(E3) transition probabilities present a
maximum value in the region of octupole-deformed nu-
clei [1]. Figure 9 displays the calculated B(E1;1−1 →
0+1 ), B(E2;2
+
1 → 0+1 ), and B(E3;3−1 → 0+1 ) (in units
of W.u.) as functions of the neutron number for the
eight isotopic chains analyzed in the present study. The
B(E3;3−1 → 0+1 ) increases at first, and then decreases
with peaks at N ∼ 198. This is consistent with the evo-
lution of the average octupole deformation 〈β3〉 (cf. Fig.
6). In our calculation, B(E3;3−1 → 0+1 ) > 60 W.u. is
predicted for the pronounced octupole-deformed nuclei.
Large B(E1;1−1 → 0+1 ) is observed in the heavier Ra, Th,
U, and Pu isotopes, and lighter Fm and No isotopes,
different from the evolution of B(E3;3−1 → 0+1 ). This
may be because the electric dipole moment is not only
dependent on the octupole correlation, but also sensitive
to the shell effects and occupancy of different orbitals
[1, 7]. The B(E2) values increase gradually to more than
200 W.u. with increasing neutron number, indicating a
shape transition from nearly spherical to well-deformed
shapes for all the isotopic chains.
Fig. 10. Single-neutron levels (top panel) and
single-proton levels (bottom panel) of 294Cm as
functions of the deformation parameters, calcu-
lated by the RMF+BCS based on PC-PK1 en-
ergy density functional. Each plot follows the
quadrupole deformation parameter β2 up to the
position of the equilibrium minimum β2 = 0.20,
with the constant octupole deformation parame-
ter β3 = 0 (left panels). For the constant value
β2 = 0.20, the panels on the right display the de-
pendence of the single-nucleon energies on the oc-
tupole deformation, from β3 = 0 to β3 = 0.4. The
thick dashed (black) curves denote the Fermi lev-
els.
A microscopic picture of the onset of octupole defor-
mation and octupole softness emerges from the depen-
dence of the single-nucleon levels on the two deformation
parameters β2 and β3. In Fig. 10 we plot the single neu-
tron and proton levels of 294Cm along a path in the β2-β3
plane, calculated by the RMF+BCS based on PC-PK1
energy density functional. They are similar to the usual
Nilsson orbitals, but we also show their evolution along
the octupole direction. In the mean-field approach there
is a close relation between the total binding energy and
the level density around the Fermi level in the Nilsson di-
agram of single-particle energies. A lower-than-average
density of single-particle levels around the Fermi energy
xxxxxx-11
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results in extra binding, whereas a larger-than-average
value reduces binding. Therefore, the onset of octupole
minima around 294Cm (c.f. Figs. 1-4) can be attributed
to the low neutron-level density around the Fermi sur-
face at N ∼ 198 and β3 ∼ 0.20, induced by the repulsion
between the Ω = 3/2 pair of levels (blue curves) that
originate from the (h11/2,k17/2) spherical neutron levels.
A low neutron-level density is also predicted at N ∼ 204,
which may cause the octupole softness in the isotopes
with N ≥ 204. Moreover, it is noted that an octupole-
deformed proton shell gap at Z ∼ 100 is obtained, which
may enhance the octupole deformations in the heavier
isotopic chains (c.f. Figs. 6, 9).
4 Summary
In the present study we have performed a micro-
scopic analysis of octupole shape transitions in eight iso-
topic chains: Ra, Th, U, Pu, Cm, Cf, Fm, and No with
neutron number 190 ≤ N ≤ 212. Starting from self-
consistent binding energy maps in the β2-β3 plane, cal-
culated with the RMF+BCS model based on the func-
tional PC-PK1 and δ-force pairing, a recent implemen-
tation of the quadrupole-octupole collective Hamiltonian
for vibrations and rotations has been used to calculate
the spectroscopy of quadrupole and octupole states of the
96 even-even nuclei. The microscopic deformation energy
surfaces exhibit transitions with increasing neutron num-
ber: from spherical quadrupole vibrational to stable oc-
tupole deformed nuclei, and finally to octupole vibrations
characteristic for β3-soft potentials in the neutron-rich
actinides. The systematics of the energy spectra, odd-
even staggering, and transition rates, associated with
both positive- and negative-parity yrast states, points
to the appearance of prominent octupole correlations
around Z ∼ 96,N ∼ 198, and the corresponding low-
ering in energy of negative-parity bands with respect to
the positive-parity ground-state band.
A microscopic picture of the onset of octupole de-
formation emerges from the dependence of the single-
nucleon levels on the two deformation parameters. The
onset of ocutpole minima around 294Cm can be mainly
attributed to the low neutron-level density around the
Fermi surface at N ∼ 198 and β3∼ 0.20, which is induced
by the repulsion of the Ω = 3/2 level pair originating from
the (h11/2,k17/2) spherical neutron levels.
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